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IONOSPHERIC TURBULENCE: INTERCHANGE INSTABILITIES
AND CHAOTIC FLUID BEHAVIOR

I. INTRODUCTION

It is well-known that interchange instabilities produce turbulence in
the ionosphere [Ossakow, 1979; Fejer and Kelley, 1980]). The Rayleigh-
Taylor instability 1is believed to cause the intense nighttime equatorial F

region turbulence known as equatorial spread F (Ossakow, 1981; Kelley and

«\

McClure, 1981]; the E x B gradient drift instability has been invoked to
explain high-latitude ionospheric irregularities [Keskinen and Ossakow,
1983]), the rapid structuring of bariumm clouds {Linson and Workman, 1970],
and turbulence in equatorial electrojet [Ossakow, 1979]; and the current
convective instability may be responsible for turbulence in auroral
ionosphere [Ossakow and Chaturvedi, 1979a]. These {nstabilities are
fundamentally similar in nature in that they require a denpity gradient,
and they act to interchange the high and 1low plasma density regions.
However, they have different driving amechanisms: the Rayleigh-Taylor
instability is driven by the gravitational force, the E x B gradient drift
instability is driven by an ambient electric field or neutral wind, and the

current convective instability {s driven by a current parallel to the

ambient magnetic field. A counsiderable amount of research has been devoted
to the study of these instabilities and their application to ionospheric
turbulence, Since, 1in general, it is the nonlinear phase of the
¢ instabilities that is observed, it 1is inpor;ant to identify the salient
characteristics of this phase (e.g., wave amplitude at saturation, power

spectra, etc.).
Interchange Ilnstabilities, as they are applied to the ionosphere, can
be divided into two categories: collisional and inertial. The collisional

limit considers “j.n > w (where Yin is the ion-neutral collision frequency
Manuscript approved September 7, 1984,
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and w is the wave frequency) while the inertial limit considers w > Vin®

In the ionosphere, the transition from the collisional 1limit to the
inertial limit typically occurs in the altitude regime ~ 500 km. The bulk
of the nonlinear research on interchange instabilities in the 1lonosphere
(both theory and simulation) has been restricted to the collisional

domain. The purpose of this paper is to extend the nonlinear theory of

interchange instabilities into the inertial reginme.

In brief, we develop a set of mode coupling equations which describe
the nonlinear evolution of the Rayleigh-Taylor and E x B gradient drift:
instabilities. The model is restricted to 2D turbulence in the plane
trangverse to the magnetic field, and only those modes such that kL > 1
are counsidered, where k is the wavenumber and L is the scale length of the
density gradient. We do not consider the current convective instability
for simplicity because it requires a compoanent of the wavenumber parallel
to B [Chaturvedi and Ossakow, 1979b]. We show that our mode coupling
equations have the same structure as the equations describing the Rayleigh~
Benard instability; in particular, when we consider a three mode system, we
show that the equations correspond exactly to the Lorenz equations which
approximately describe the Rayleigh-Benard instability (Saltzman, 1962;
Lorenz, 1963]. Following the analysis of Llorenz (1963), it is shown that
the three mode system can exhibit a strange attractor with chaotic behavior
[Ruelle and Takens, 1971]. 1Ion inertia plays a critical role in this
phenomenon in that if it is neglected (as in the collisional limit), the
three mode system does not exhibit chaos and a stable convection pattern
results.

The organization of this letter is as follows. In the next section we

present the geometry, assumptions, and derivation of the nonlinear mode

coupling equations. In Section III we present our results for a three node
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‘5 system and show the correspondence to the Rayleigh-Benard problem. We
‘: derive a criterion for the onset of chaotic turbulence involving the
"‘: dissipation parameters (i.e., diffusion coefficieant, ion-neutral collision
‘:‘& frequency). Finally, in the last section we summarize our findings and
.;i . discuss the implications for ionospheric turbulence.

" ! II. DERIVATION OF NONLINEAR EQUATIONS

, The plasma configuration and assumptions used in the analysis are

described as follows. We consider an ambient magnetic field in the z-

s

direction (B = Bo ezJ. a gravitational acceleration in the -x-direction

o b
3 'ﬁ”m’ V‘;c‘ 3%
it AT 4

(g = -g e ), a density gradient in the x-direction (n= no(x) and

-t

anolax > 0), and an ambient electric field in the y direction

DN s e
PR VLSS S

[1:,_ = EO ey]. We assume two dimensional perturbations in the x~y plane

yey vith kL >» 1 and VyL » 1

where L = |3fa u/&x]"1 is the density gradient scale length. For

2t Sanke
N

"
¥ P ol

(transverse to B) such that k = ke + k

224 simplicity we assume a cold ion plasma (‘1'1 = 0], We consider low frequency

turbulence in a weakly collisional plasma such that 3/3t < , «Ke

Vin 1’

Vie << 8y, and V4 << 2, where 2 = eBO/'ac is the cyclotron frequency of

species a, Yin is the {on-neutral collision frequency, Vi e is the ion-
electron collision frequency, and Vet is the electron-ion collision
1nm1

in the F region. Finally, we comnsider electrostatic turbulence and assume

frequency. We neglect electron—-neutral collisions since \ae“/ﬂe K v
quasi-neutrality (ne = nlj.

The equations used in the analysis are continuity, momentum transfer,

and charge couservation:

ng
s+ Ve () =0 (1)
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e "n
8] 0= - Er el x ¥ - g™ Vel - Uy )
' € ¢

dy

i_e 1 - -
T "u; (B+35Y *B) = v l¥ =) -V, ¥ +8 (3)
Vel=9-|nlg;-Y)l=0 (4)

: v
‘, We perturb (1)-(4) about an equilibrium and let n = n + 5,
‘. h -~ ~
"z E=E) - ") and { = Ly *+ ¥Y,- To lowest order in v /2 the equilibrium
‘-*;5 drifts are  given by ¥, = - {cT /eB)32n n/ax)”} e (the electron
13 b e y
i;" diamagnetic drift) and ¥, = |8/, + fvm/ﬂj."ch/BHey (the fon
L; gravitational drift and ion Pedersen drift, respectively). Note we have
Eﬁ c;'hosen Vox * Yox ° chy/B. We solve (2) and (3) for ‘7e and 31, and
i{ substitute these values into (1) and (4). We arrive at the coupled set of
yE
L3 -~ -
! equations for n and ¢:
281 ~ - Vn > -
o 9 n C o 2 n (] ~ -~
7 Ta TBExeG g "DV gt T xe, 0 n %)
§ 0 0 0 0 :
7":\ and
Ry
g
e
A cE ~
! . 8 . in ‘=), ., on cl 3 S ry 2z
J l“z_i..xez+T‘B—-] VF()- iﬁ—(ft-*'ezxv’ Vv =-0 (6)
'x ) *
Nt where D, = eipz is the electron diffusion coefficient and we have '
. assumed 3/3t > Yo * 7 It may be seen that (5) and (6) are
I mathematically the same as the Rayleigh-Benard equations [Eqs. (17) and
~
{,,, (18) of Lorenz (1963)] provided the substitution Vv, * w2 is made in (6).
i
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i III. RESULTS

“:TL We now present results of our analysis for a three mode configuration.
Ty

Prior to this we cast (5) and (6) into dimensionless form. Specifically,

1,: we find that (5) and (6) can be written as
349
::,:f,
}‘hi ) 351 -~ ;2 - A - Nae ol ) -~

— ] + v + v e v
T S TS T Tl el M
N Y
'ﬁi. an
!i 3
i Bt xTf V925 a-v, 923 +0a (8)
'iﬁ 3t1 2 1 1 in 1 y1
-
A d -~ ~ -~ ~ ~ 2 -~ -~
*: vhere t, = v,t, Vin " vm/yo, n, = [n/uOJfL/A), 4, = ¢l c/BA 70], vV =Y, De =
5F 2 » 1/2
\_g D /A°vys Yy = L(8 + vy cEy/B)/L] /%, and A s  half of the maximum
;{,‘, wavelength permitted (i.e., A < 2L).
e We consider the following perturbations for 31 and El: 31 = X, sin x
Py ~
: sin y and 0, = Yl sin x cos y + z1 sin 2x where we have taken ke = lt7 with
[, - -
’:::. ke = A 1 and ky = A 1 for simplicity. Here, x and y represent the x and y
“,\‘g,_.., spatial coordinate normalized to A, and only the coefficients X, Yy and
e
,': z1 are assumed to be time dependent. Substituting ul and 01 into (7) and
{l
;:;s;} (8) we obtain the following set of coupled ordinary differential equations:
(
L"
o .
i X == o0X +o0Y 9
Lo v
11‘“’”!
Joegd
v Te-Y+rx-xz (10)
KN
L)
b}
;?ﬁ i = =22 +XY (11)
*
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n’ where the dot over a variable indicates a time derivative, X = X, /vo, ¥ =
!.l -~ -~ -~ ~

‘.R ——— - - - - ~ o -l

. Y, /rc/z\ain, Z=1Z), 1 ZDetl, g \Jm/ZDe and r MDevml .

Equations (9)=(ll) correspond exactly to the equations solved by Lorenz

e i
R
et

(1963) for the Rayleigh-Benard instability (with the exception that Lorenz”

parameter b is equal to 2 in our case). -

P A
e

Following lorenz (1963), (9)=-(ll) can be analyzed to determine (i) the

L 4

nonlinear fixed states of the system, and (ii1) the stability of these fixed

states as a function { r and o. The fixed states are determined by the

2

condition XaY=Z=20. If r < 1, the only stable steady state is given

.

: by %9 = ¥p = Zy = 0. This represeants the state of no convection, i.e., the
% usual equilibrium state upon which linear stability analysis is performed;
", in fact, r = 1 is the point of marginal 1linear stability of the
'j‘ equilibrium. For r > 1, the equilibrimm {is unstable resulting in
‘ convection and the interchange of high and low Jdensity regions. However, r

> 1 allows two additional fixed states, given by xo = Yo =

= NP
(oA of v

+ [2(r - 1)]1/2 and Zy = T - 1; these correspond to coavection cells of

0

either positive or negative vorticity. The linear instability may thus

»

"saturate" by attracting to one of these new fixed states with Xy, Y5, and

s
,ﬁ'&rv.

z0 providing estimates for the saturation amplitudes of n and 3. This is

TR

indeed the case for 1 < r < r, 2 d(o + 5)/(0 = 3) or 0 < 3. 1In this range

s
w:' of r, the fixed states are stable and the orbit in X, Y, Z phase space

:t!

;::’: asymptotes to one of the nontrivial fixed points. An example is shown in n
l"a

' Fig. 1 (0 = 10, r = 13) where the projection of the orbit on to the X-Z

; plane is plotted. .
: For 9> 3 and ¢ > Lo the saturated convection pattern described above

W)

X is itself unstable. No other fixed stable states exist; this means that

l‘,

o

>

a 6

5

1
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Depicted i1is an approach to the non-trivial steady state
attractor to (9)-(11) projected onto the X-Z plane. The
psrameters used for the numerical simulation are o0 = 10 and r

= 15; note that r. " 21.4 so that 1 < r < L
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the amplitudes X, Y, and Z oscillate in intensity in periodic or chaotic
fashion. The magnitude of these oscillations cannot be determined analyti-
cally and numerical analysis of (9) - (11) is required. Nevertheless, some
general features may be discerned: even though the phase space orbit does
not approach a single point, it does lie i{n a bounded, or "attracting",
region of phase space., Figure 2 {llustrates such an orbit for 0 = 10 and r
= 30, This orbit in fact tends to encircle either one or the other of the
two non-trivial fixed states. There is, however, no periodicity for the
case shown: the transition from encircling one or the other fixed points
is seemingly random. In such a case the orbit is "chaotic" and the
attracting region is a strange attractor. Since all orbits are unstable,
one sees chaotic behavior in the amplitudes of X, Y, and Z [Ruelle and
Takens, 1971]. Note that the amplitudes of X and Z in Fig. 2 can fluctuate
by more than a factor of 2.

An important point to be recognized concerning the application of this
theory to interchange instabilities is the following. As noted earlier, we
can consider two 1limits: collisional and inertial. 1In the collisional
limit (vin > 3/3t), X 20 in (9) so that X = Y and the problem reduces to
solving only two coupled differential equations. For this case, the
convection states are always stable, This is the situation that has been
considered in most previous analytic treatments of ionospheric interchange
instabilities [Rognlien and Weinstock, 1974; Chaturvedi and Ossakow, 1977,

1979a,b] although the stability of the convection states was not

analyzed. Thus, for this simple three mode system, we find that ion

inertia is required for unstable convection patterns to occur. We comment

that the nonlinear behavior of Rayleigh-Taylor instability in the inertial

limit has been considered by Hudson (1978). However, Hudson (1978) did not
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Fig. 2. A strange attractor for (9)-(11) 1is 1illustrated as a
projection onto the X~Z plane. The parameters used are ¢ = 10

and r = 30. Note that r

, e ™ 21.4 s0 that r > r,. All periodic

orbits are uynstable, as well as the three equilidrium

points. The attractor lies in a finite volume of space.
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find chaotic behavior because it was assumed that 3/3t = - iw where w is
:‘E‘ the linear eigenfrequency in (6). This ad hoc assumption effectively
! reduces the problem to two differential equations and leads to results
s: similar to the collisional limit.

o .
w2

5 IV. CONCLUDING REMARKS

"; We have shown that interchange instabilities relevant to 1onospheric )
T: turbulence (Rayleigh-Taylor and E x B gradient drift), ::an be studied in
F: the context of chaotic attractor theory. In particular, we demonstrate
1 that for a simple system (three modes) the equations governing these
; instabilities are exactly the same as those that govern the Rayleigh-Benard
{:‘ instability [Saltzman, 1962; Lorenz, 1963]. The analogy between these two
V, instabilities is the following. The Rayleigh-Benard instability is driven
by a temperature gradient and convects "hot and cold" fluid elements; the
- temperature gradient is maintained by a heat source at one end and a heat
N sink at the other. The Rayleigh-Taylor and E x B gradient drift
i _j,; instabilities are driven by a density gradient and convect "heavy and
Q, 1ight" fluid elements; in the case of the ionosphere, the density gradient
': could be maintained by photoionization at one end and recombination at the
" other. We have shown that these interchange instabilities can exhibit both
‘ : stable and unstable convection patterns in this system. A crucial point is
:: that unstable convection only results 1f inertial effects are important,
L.e., v, ¢ 9/3t.

For application to the {onosphere, we consider the stability of the .
fixed states of the Rayleigh-Taylor instability in the equatorial

ionosphere, and the E x B gradient drift instability in the high latitude

auroral ionosphere. Three observations may be made. First, the nonlinear
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f: fixed states given by X5, Y,;, and Zy correspond to the saturated potential
j and deansity fluctuation amplitudes. We note the density fluctuation
“, amplitude associated with Y, is i/ng = Afa.ﬂ)(vinvcilvg)l/z, vhile the
;\': amplitude associated with Z; is @i/ng = A/L. These estimates agree with
E . previous results [Chaturvedi and Ossakow, 1977, 1979] and yield density
G; fluctuations of several percent for typical F region paraseters. These
~: N estimates can vary by more than a factor of 2 vhen the instabilities are in
‘!'3_:‘ the "chaotic regime" (see Pig. 2). Second, since o = xzvm/Zveipg using
‘V the normalizations listed after (8), we find that 103 £0¢ 109 for the F
Ej region ionosphere (200-800 km) where we have taken A = 500 m, Pe * 1.5 cm,
é Vig = 2.6 x 1011 7,1/25  gec”) [Strobel and McElroy, 1970],
. Veg = (hgg/3.5 x 105)(n/1,3/2) sec™! [Braginskii, 1965; Johnson, 1961]
f{ where T, is the electron temperature in eV, n, is the neutral gas density,
‘:\’ n, is the electron density, lei = 23.4 - 1.15 log n, + 3.45 log T,, and the
o neutral densities were obtainéd from a Jacchia (1975) model neutral atmo-
;;E gphere. Third, since ¢ >> 1, the critical value of r is given by T. * 0.
i‘j:' For the Rayleigh~Taylor instability, the condition for unstable fixed
~_ states can thus be written as vy, < (3/21.)1/2. For g = 9.8 m/sec? and L =
?:\ 10 km, we find that unstable behavior can occur for V4n < 0.02 set:-1 which
q‘,f‘.': corresponds to altitudes greater than 400-500 km in the equatorial F region
. ionosphere. For the E x B gradient drift instability, the condition for am
o

unstable fixed state is v;, < cEq/2BL. Taking cEy/B = 6 x 102 m/sec and L

A
-,

2

R5S = 102 km (Weber et al., 1984], we find that chaotic behavior cam occur
'-'..-a ! forv, <6 x 1073 sec™! which corresponds to altitudes greater than
:, L]

, Y roughly 500 km in the high latitude F regionm.

Y

ré:, We comment that the values of r and ¢ relevant to ionospheric plasmas
T are considerably different than those used in most mathematical studies
:f;

B 1
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J: (i.e., Qinilar to those used in Figs. | and 2). However, we have also
“ performed calculations for large r and o and have found similar behavior;
h namely, the transition from a stable attractor to a strange attractor for
' sufficiently large r. This {s in agreement with previous studies {Fowler
S;i‘ and McGuinness, 1982]. .
* Finally, we have only considered a simple three mode system which )
i" could be argued is unrealistic. It is knowm that the nonlinear behavior of
gi the Lorenz equations for more than three modes can be different from the
4 three mode system [Ott, 1981]. For example, we have shown that for three
k modes, the nonlinear fixed states are always stable in the collisional

4
«. limit (i.e., v in > Yo). However, we have also developed a pseudo-spectral
code which follows the evolution of a many mode system (~ 120 modes).

Preliminary results indicate that chaotic fluid behavior can also occur in

i b the collisional limit, in sharp contrast to the simple three mode result.
. A report on the nonlinear dynamics of the many mode system will follow
:lr:_' shortly.
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@ 01CY ATTN R.W. NALPRIN PHOTOMETRICS, INC.
AN 01CY ATTN TECHNICAL 4 ARROW DRIVE
5 LIBRARY SERVICES WOBURN, MA 01801
'Y 01CY ATTN IRVING L. KOFSKY
O MISSION RESEARCH CORPORATION
Y 735 STATE STREET PHYSICAL DYNAMICS, INC.
SANTA BARBARA, CA 93101 P.0. BOX 3027
- 01CY ATTN P. FISCHER BELLEVUE, WA 98009
% 3 01CY ATTN W.F. CREVIER 01CY ATTN E.J. FREMOUW
01CY ATTN STEVEN L. GUTSCHE
! 01CY ATTN R. BOGUSCH PHYSICAL DYNAMICS, INC.
% 01CY ATTN R. HENDRICK P.0. BOX 10367
= 01CY ATTN RALPH KILB OAKLAND, CA 94610
01CY ATTN DAVE SOWLE ATTN A. THOMSON
01CY ATTN F. FAJEN
01CY ATTN M. SCHEIBE R & D ASSOCIATES
R 01CY ATTN CONRAD L. LONGMIRE P.0. BOX 9695
R 01CY ATTN B. WHITE MARINA DEL REY, CA 90291
N 01CY ATTN R. STAGAT 01CY ATTN FORREST GILMORE
oy 01CY ATTN WILLIAM 8. WRIGHT, JR.
ke MISSION RESEARCH CORP. 01CY ATTN WILLIAM J. KARZAS
1720 RANDOLPH ROAD, S.E. 01CY ATTN H. ORY
ALBUQUERQUE, NEW MEXICO 87106 01CY ATTN C. MACDONALD
) 01CY R. STELLINGWERF 01CY ATTN R. TURCO
") 01CY M. ALME 01CY ATYN L. DeRAND
& 01CY L. WRIGHT 01CY ATTN M. TSAL
i3
‘3 MITRE CORPORATION, THE augo CORPORATION, THE
P.0. BOX 208 1700 MAIN STREET - :
- BEDFORD, MA 01730 SANTA MONICA, CA 90406
ty 01CY ATTN JOHN MORGANSTERN 01CY ATTN CULLEN CRAIN
b 01CY ATTN G. HARDING 01CY ATTN ED BEDROZLAN
s 01CY ATTN C.E. CALLAHAN
A RAYTHEON CO.
¥ MITRE CORP 528 BOSTON POST ROAD
WESTGATE RESEARCH PARX SUDBURY, MA 01776
' 1820 OOLLY MADISON BLVD 01CY ATTN BARBARA ADAMS
3 MCLEAN, VA 22104 ,
3, 01CY ATTN W. HALL RIVERSIDE RESEARCH INSTITUTE
§¢ 01CY ATTN W. FOSTER 330 ug:r Asnd f;:g:r
3 NEW YORK, NY
23 PACIFIC-SIERRA RESEARCM CORP 01CY ATTN VINCE TRAPANI
{ 12340 SANTA MONICA BLVD.
- LOS ANGELES, CA 90025
" 01CY ATTN E.C. FIELD, JR.
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SCIENCE APPLICATIONS, INC.
1150 PROSPECT PLAZA
LA JOLLA, CA 92037

01CY ATTN LEWIS M. LINSON
01CY ATTN DANIEL A. HAMLIN.
01CY ATTN E. FRIEMAN

01CY ATTN E.A. STRAKER
01CY ATTN CURTIS A, SMITH

SCIENCE APPLICATIONS, INC
1710 GOODRIDGE DR.
MCLEAN, VA 22102

01CY J. COCKAYNE

01CY E. HYMAN

SRI INTERNATIONAL
333 RAVENSWOOD AVENUE

MENLO PARK, CA 94025
01CY ATTN J. CASPER
01Cy ATTN DONALD NEILSON
01CY ATTN ALAN BURNS
01CY ATTN 6. SMITH
01CY ATTN R. TSUNODA
01CY ATTN DAVID A. JOHNSON
01CY ATTN WALTER G. CHESNUT
01CY ATTN CHARLES L. RINO
01CY ATTN WALTER JAYE
01CY ATTN J. VICKREY
01CY ATTN RAY L. LEADA3RAND
01CY ATTN G. CARPENTER
01CY ATTN G. PRICE
Q1CY ATTN R. LIVINGSTON
01CY ATTN V. GONZALES
01CY ATTN D. MCDANIEL

TECHNOLOGY INTERNATIONAL CORP
75 WIGGINS AVENUE
BEDFORD, MA 01730

01CY ATTN W.P. BOQUIST

TOYON RESEARCH CO.

P.0. Box 6890

SANTA BARBARA, €A 93111
01CY ATTN JOHN ISE, JR.
01CY ATTN JOEL GARBARINO

TRW DEFENSE & SPACE SYS GROUP
ONE SPACE PARK
REDONDO BEACH, CA 90278

01CY ATTN R. K. PLE3UCH

01CY ATTN S. ALTSCHULER

81CY ATTN D. DEE

01CY ATTN D/ STOCKWELL
SNTF/157S

VISIDYNE
SOUTH BEDFORD STREET
BURLINGTON, MASS 01803

01CY ATTN W. REIDY
01CY ATTN J. CARPENTER
01CY ATTN C. HUMPHREY

UNIVERSITY OF PITTSBURGH
PITTSBURGH, PA 15213
01CY ATTN: N. ZABUSKY
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